We find the rules which count the energy levels of the 3 state superintegrable chiral Potts model and demonstrate that these rules are complete. We then derive the complete spectrum of excitations in the thermodynamic limit in the massive phase and demonstrate the existence of excitations which do not have a quasi-particle form. The physics of these excitations is compared with the BCS superconductivity spectrum and the counting rules are compared with the closely related S = 1 XXZ spin chain.
Introduction
Many-body condensed matter physics, as opposed to few body nuclear physics, molecular physics, or quantum chemistry, is concerned with the limiting case N → ∞, where N is the number of particles of the system. There are, of course, a large number of physical questions in which we are interested for these systems, such as response functions at finite temperature, but conceptually the easiest and most primitive question is the solution of the N body Schroedinger equation in the N → ∞ limit. In this study it is surely conceptually easier to consider the spectrum of eigenvalues before one investigates the more detailed information contained in the eigenfunctions. Thus the first most primitive question asked about such systems as the free Bose or Fermi gases, the Landau theory of the Fermi liquid, and the BCS theory of superconductivity is how to characterize the eigenvalues E n of H N |n = E n (N )|n (1.1) where |n stands for an eigenvector of the Hamiltonian H N . Now the condition of thermodynamic stability is that for all n E n > −AN (1.2) where A is a positive constant and indeed, many-body physics is only interesting for those systems where the ground state energy per particle exists. Thus to consider the spectrum of (1.1) in the N → ∞ limit we are most interested in lim N →∞ (E n − E GS ). (1.4) In the examples above of the free gases, Landau theory, and BCS theory there are an infinite number of levels E n for which the limit (1.4) exists. These are what we call the low-lying energy levels. However for these and most other translationally invariant systems the much stronger property holds, that lim N →∞ (E n − E GS ) = i,rules e i (P i ) (1.5a) and lim N →∞ (P n − P GS ) = i,rules
where e i (P ) is a set of single particle energy levels, P is a momentum, and i,rules indicates that the energy levels are additively composed with a certain set of rules, which embody bosonic or fermionic restrictions and internal quantum numbers such as spin or isospin. This additive composition of the order one terms in the energy levels in the N → ∞ limit and the relation of energy to momentum of (1.5 ) is what we mean by a "quasi-particle" spectrum. (The phrase "quasi-particle" has many related usages in many-body physics. In this paper we will use only definition (1.5)) The property of possessing a quasi-particle spectrum occurs in a very large number of translationally invariant many-body systems. It occurs in free gases, is a key ingredient in the Landau theory of the Fermi liquid, and is an important consequence of BCS theory. However, regardless of how ubiquitous its occurrence in many-body physics the quasi-particle spectrum does not follow from general properties such as hermiticity and a finite range assumption on the potential alone. Indeed, in BCS theory it can be argued that the quasi-particle nature of the spectrum is almost an accident because there seems to be no a priori reason that the energy of an excited pair should be precisely the sum of the energies of 2 quasi-particles having opposite momentum. The question is thus raised of whether there exist many-body systems whose spectra fail to have the quasi-particle form.
The first example of a non quasi-particle spectrum was discovered in the N -state superintegrable chiral Potts model. This model was originally introduced to study the quantum commensurate-incommensurate phase transition [1] and as a representation [2] of Onsager's algebra [3] . Its spectrum was studied by recursion relations [4] and by functional equations [5, 6, 7] and this led to the discovery of the non quasi-particle excitations. Subsequently one of the most important features of the non quasi-particle spectrum was demonstrated to follow from Onsager's algebra alone [8] . However the complete spectrum has not been presented in detail because of the lack of a completeness relation that counts all states. The purpose of this paper is to present this completeness relation for the three state case and to discuss the physics of the non quasi-particle excitations.
We define the model and summarize the formalism needed for the computation of the spectrum in section 2. In section 3 we present the rules which count the states, and in the appendix demonstrate that these rules are complete. These counting rules, indeed, have a very interesting relation to the S = 1 XXZ model [9] [10] [11] [12] [13] [14] [15] with anisotropy parameter γ = π/3 which we discuss in section 4. In section 5 we compute all the low-lying excitations in the massive phase. In particular, the complete result which includes the non quasi-particle excitations is given in (5.13). However, even though the non quasi-particle excitations are a new phenomenon they can be regarded as a generalization of the excitation spectrum of the BCS system [16] . This interpretation is discussed in section 6. We conclude in section 7 with a summary of the new phenomena found in this model.
Formulation
The superintegrable chiral Potts chain is the specialization of the general integrable chiral Potts chain
where I N is the N × N identity matrix, the elements of the N × N matrices Z and X are:
to the special point
The formalism needed to compute the eigenvalues of (2.1) in the superintegrable case (2.7) has been presented extensively in ref. [7] . We summarize here only the results needed to study the completeness of the spectrum. For detailed derivations the reader is referred to ref. [7] .
The chiral Potts chain is solvable because of its relation to the 2 dimensional chiral Potts statistical mechanical model [17] [18] [19] [20] [21] whose transfer matrix is
where the local Boltzmann weights 
These Boltzmann weights depend only on the difference l j − l ′ j (and satisfy .12) and that
The method of computation of the spectrum of (2.1) for N = 3 presented in ref. [7] is based on the fact that T p,q satisfies a functional equation. This equation is derived in detail in ref. [22] . For the superintegrable case (2.7)
and
In this case we explicitly factor T p,q into its zeros and poles using
(where the index q on a, b, c, d is suppressed) and the functional equation is explicitly written as 18) where R is the automorphism .19) and P is the momentum which is derived from T p,q as
The functional equation (2.18 ) is solved by the ansatz (note that the sign of v l here is defined opposite to that of ref. [7] )
where the ± signs are chosen independently for each of the terms in the product, and P a , P b , P c are positive integers. The numbers v l satisfy
The w l are obtained from
where the t l are the roots of the polynomial
The eigenvalues of H are thus finally obtained as
where
and the ± signs are all independently chosen. In addition the momentum P is obtained as
The ansatz (2.21) gives more possible eigenvalues than the allowed number of 3 M . The completeness problem is the determination of those values of P a , P b , P c , m p , m E and those possible solutions v l of (2.22) which actually give eigenvalues of H and T .
It should also be noted that if in (2.22) we set
we obtain
Up to the phase factor in front this equation is the Bethe's equation for the spin S = 1, anisotropy γ = π/3 XXZ chain with M sites and |S z | = M − m p [12] [13] [14] [15] . In the case where M −m p −P a −P b ≡ 0 (mod 3) eqn. (2.29) is identical with the S = 1 equation with periodic boundary conditions Thus the study of completeness of the superintegrable chiral Potts model is closely related to the completeness of this XXZ chain.
Completeness Rules
It is a feature common to all studies of eigenvalues which use functional equations that further information beyond the functional equation is needed to determine the multiplicities of the eigenvalues (and in particular to determine whether or not the multiplicity is zero). It is to be expected that such additional information can be found by studying the eigenvectors accompanying the eigenvalues. However the production of the eigenvectors, though of great importance, is also a problem of substantially increased complexity and in practice it is desirable to obtain the completeness rules in advance of an eigenvector computation.
Such a study of completeness rules was recently done for the non-chiral limit φ =φ = 0 of (2.1) [23] by combining a finite size study of eigenvalues of chains of size up to M=7 with a generalization of the string hypothesis [24] [25] [26] [27] approach to the counting of solutions of Bethe's ansatz equations. We will here follow a similar approach for the superintegrable case (2.7). First we will use the results of a finite size study to obtain a set of rules for the allowed integers P a , P b , P c , m E and m p , then we will use a finite size study of the v l to find a set of rules which counts all eigenvalues. In the appendix we show that these rules derived from systems of size M = 3, 4, 5, 6 sum up to the total number of states 3 M for all M .
A. Rules for P a , P b , P c , m E , and m p From (2.26a) we see that instead of specifying P c it is sufficient to specify the coefficient A in (2.25). We thus summarize the results of the finite size study of ref. [7] by presenting in table 1 the allowed values of A + Bλ, P a , and P b . For each set the integers, m E are either even or odd. This parity is also listed in table 1. We note that within each set there is a sum rule on the quantity
The value of this sum rule is also listed in table 1. In addition we include the value of M − P a − P b − m p which determines the phase factor in (2.29).
B. Rules for v l
In table 2 we give for M = 3, 4, 5 and 6 the number of allowed sets of v k (denoted by N ) which correspond to the allowed values of P a , P b , m E , and m p given in table 1. From (2.21) each set of v k corresponds to 2 mE eigenvalues of T so that the N sets give 2 mE × N eigenvalues. The numbers N are found from table 1 of ref. [7] . These numbers N must count the number of allowed solutions of (2.22).
To study the solutions of (2.22) we have computed the zeroes of T by means of the technique of ref. [23] for M = 3, 4, 5 and 6. From that study we find that even for M=3 there are only 3 classes of solutions:
Following the conventions of ref. [23] we refer to these as positive parity, negative parity, and (positive parity) 2 strings, and denote the number of such roots in a given eigenvalue as m + , m − , and m 2s respectively. Clearly
Following the practice of refs. [12] [13] [14] [15] and [23] [24] [25] [26] [27] we make these three classes of roots explicit by rewriting (2.22) for v
Also, multiplying the equations for v 2s k and v 2s * k together we obtain
We continue to follow [12] [13] [14] [15] and [23] [24] [25] [26] [27] by taking the logarithm of (3.4). This introduces integers or half integers [28] as the various branches of ln 1 or ln(−1). These counting integers are of great importance in classifying the solutions. Their properties are dependent on the choices of branches for logarithms. The principle used to choose branches is discussed in reference [23] . Thus we define all logarithms to obey −π < Im ln x < π (and ln 1 = 0) (3.5) and we use the definitions
We note in particular that the minus signs in these definitions are chosen so that
Taking the logarithms of (3.4), we define the counting integers I i k by We are now able to discuss the rules for completeness of the v l . As will become apparent, the cases Q = 0, 1 and 2 must be treated separately.
Q=0
The completeness rules are simplest for Q=0. Following the procedure of ref. [23] [24] [25] , we count solutions of (3.10) by finding the allowed values I 
Thus the total number of solutions to (3.10) with
This counting, however, does not give the correct result. This can be seen for the cases M = 6, m p = 3 and 6 where from (3.14) we find the total number of states satisfying the sum rule (3.3) is 50 and 141, whereas we see in 
We compute I j k from (3.10) for the solutions v k obtained from our M = 6 finite size study and find that indeed (3.15) is satisfied. Furthermore, we find that the counting of states given by (3.12) and (3.15) does indeed give 46 for m p = 3 and 43 for m p = 6 as required.
For the case M ≡ 1, 2 (mod 3) the rules are almost as simple, except we must use the function [x] which is the greatest integer less than or equal to x. Thus we obtain the result valid for Q = 0 and all M , that for all states allowed by table 1, the number of allowed solutions to the Bethe's equations (3.4) for v l are
where I − k and I 2s k obey (3.15).
Q=1
For Q=1 our procedure is very similar, except now, as may be inferred from table 1, several separate cases must be considered.
Here the counting rule is identical with (3.16) :
The rules for Q=2 are obtained by an analogous procedure. The results are:
In all cases the exclusion rule (3.15) holds.
In the appendix we show for arbitrary M and Q that m+,m−,m2s
Thus these rules correctly count the number of states for all M.
4. Completeness for the S =1, γ = π/3, XXZ spin chain
In section 2 we remarked that the Bethe's equation (2.29) of the 3 state superintegrable chiral Potts model is (up to a possible phase factor) identical with the Bethe's equation which arises in the solution of the S = 1 anisotropic XXZ chain with γ = π/3. Thus it is to be expected that there is a close connection between these two models.
In the superintegrable chiral Potts model the eigenvalues are grouped into sets of size 2 mE . Each eigenvalue of the set is specified by the same solution of the Bethe's equation (2.29) and they differ by the 2 mE independent choices of the m E ± signs in (2.21) and (2.25). We will see in this section that a completely analagous phenomenon occurs in the XXZ chain with γ = π/3. Namely, to each solution of the Bethe's equation (2.29) there also corresponds a set of eigenvalues for the XXZ hamiltonian. However, in distinction with the chiral Potts chain, the eigenvalues in these sets for the XXZ chain are degenerate.
The S = 1 anisotropic integrable spin chain is defined by the hamiltonian [9]
where periodic boundary conditions are imposed and the single site 3 × 3 matrices S x,y,z are The operator
commutes with (4.1) because of rotational invariance in the XY plane. The eigenvalues of this spin chain have been extensively studied [12] [13] [14] [15] and in particular it is shown in refs. [12] and [13] that the energy eigenvalues are given by (4.4) and the corresponding momentum eigenvalue is given by
where the λ k satisfy the Bethe's equation
. The spectrum and thermodynamics of (4.1) have been extensively studied in refs. [12] [13] [14] [15] and for γ = 0 the question of completeness has been solved in ref. [29, 30] . When γ/π is rational a set of degeneracies between energy levels occurs which can be studied by means of the quantum algebra U q [SU (2)] at a root of unity [31, 32] . However, for our purposes here of comparing the XXZ chain with the superintegrable chiral Potts model we will not use this general formalism and will content ourselves with the examination of a six site chain.
We consider first those cases where the phase factor in equation (2.29) is unity. From table 1 we see that this occurs in Q = 0 for m p = 0, 3,and 6; in Q = 1 for P a = 2, P b = 0, m p = 1, 4 and for P a = 0, P b = 1, m p = 2, 5 and; in Q = 2 for P a = 0, P b = 2, m p = 1, 4 and for P a = 1, P b = 0, m p = 2, 5. Thus all values of m p = M − |S z | occur. To compare the number of states in the XXZ chain for given S z and P with the number of allowed solutions of the corresponding superintegrable chiral Potts chain we must relate m p to S z and P CP to P S=1 . The correspondence m p = M − |S z | is valid for all m p . To find the correspondence of momentum we compare the momentum formula of chiral Potts (2.27) with the momentum formula of the S=1 chain (4.5) to obtain
Thus we find for all cases where
Using these correspondences we list in table 3 the number of states of the S = 1 model and the number of allowed solutions of (2.29) for the superintegrable chiral Potts model obtained from table 1 of ref. [7] . In terms of the P S=1 defined in (4.8) the number of chiral Potts states is symmetric in ±P S=1 even though for m p ≡ 1, 2 (mod3) they are not symmetric in P CP . It is obvious from table 3 that the number of eigenvalues of the S = 1, γ = π/3 XXZ chain is significantly larger that the number of solutions of the Bethe's equation (2.29) allowed by the counting rules of sec.3. The question is thus to find where the extra solutions of the XXZ chain come from.
In table 4 we compute all eigenvalues of the XXZ chain (4.1) with γ = π/3 for a chain of six sites. We have also computed that subset of eigenvalues obtained by substituting in the energy formula (4.4) the solutions of (2.29) with phase factor one which exist for the superintegrable chiral Potts chain. This subset of eigenvalues is underlined in table 4.
For further discussion it is necessary to consider |S z | = 0, 3 and 6 separately from recur twice in S z = 0 and once in S z = −3 for a total multiplicity of 2 2 . This is an illustration of the rule that an eigenvalue obtained from the chiral Potts chain which occurs singly in the sector S z max will recur in all sectors S z congruent to S z max mod 3 with a total multiplicity This is precisely the factor 2 mE which occurs in the superintegrable completeness sum (3.22) and hence the computation of section 3 shows that the number of levels in the sector S z ≡ 0(mod3) is 3 M−1 . From the point of view of the Bethe's equation (4.6) these 2 2S z max /3 degenerate eigenvalues correspond to solutions obtained by letting some of the λ k go to ±∞. This mechanism of multiple occupancy of λ k = ±∞ is the same phenomenon that occurs in the isotropic case γ = 0 for the cases S = 1 [29, 30] and S = 1/2 [24, 26, 27] and in the Hubbard model [33] .
For the case S z = 1, 2(mod3) the situation is slightly more complicated. Consider first S z = 5. Here table 4 tells us that in each of P = 0, ±2π/6 and π there is a single level which comes from the superintegrable chiral Potts model and that this level recurs twice in S z = 2 and once in S z = −1 (and similarly the states in S z = −5 recur twice in S z = −2 and once in S z = 1). Thus the total multiplicity is 2 2 . Thus we have an identification of all the chiral Potts states in Q = 1 and 2 and m p ≡ 1, 2(mod3) with the states in S = 1.
We have now exhausted all the chiral Potts states with phase factor one. However not all the states of the S = 1 model have been been accounted for. To obtain the remaining levels we must consider the remaining solutions of the chiral Potts equation (2.29) where the phase factor is ω ±1 (see table 1 ). We see in table 4 that the eigenvalue 18 in P = ±2π/3 for S z = 5(−5) recurs 3 times in S z = 2(−2), 3 times in S z = −1(1) and once in S z = −4(4) for a total multiplicity of 2 3 . This is identical with the multiplicity of the eigenvalues of table 2 with Q = 1, P a = 2, P b = 0, m p = 0 and Q = 2, P a = 0, P b = 2, m p = 0. The remaining eigenvalues are degenerate in S z = 2(−1) and −1 (1) and are obtained by substituting the chiral Potts values of λ k into the energy formula (4.4) . Thus we have demonstrated for M = 6 that all the eigenvalues of the S = 1 chain with γ = π/3 can be obtained from the same solutions of the Bethe's equation (2.29) that gave the superintegrable chiral Potts eigenvalues. The degeneracies in the S = 1 chain correspond to multiple occupation of λ k = ±∞ and the same exclusion rule (3.15) found for chiral Potts holds also in the XXZ chain. This phenomena holds for all M . In general the 2 mE states which correspond to the choice of the m E ± signs in the chiral Potts model give in the S = 1 model degenerate eigenvalues for values of S z which are congruent mod 3 and in each S z sector the degeneracy is given by a binomial coefficient.
Excitations in the massive phase
In refs. [6, 7] it was shown that the superintegrable chiral Potts chain (2.1) has a massive phase if 0 ≤ λ < λ c = .9013... and 1 < λ < λ In this phase, the spectrum of excitations for the sector Q = 0 is computed in detail.
In this section, we combine the computations of ref. [7] with the completeness rules of section 3 to explore the physics of the model. We begin by recalling that if for Q = 0 we consider the excitations in (2.25) where all minus signs are chosen, then the result (4.9) of ref. [7] for the energy eigenvalues is
and the corresponding momentum is
(where we restrict our attention to M ≡ 0 (mod 3) so that m p ≡ 0 (mod 3) and
To make contact with the completeness discussion of section 3, we consider v and define
) and e 2s = 4|1 − λ| + 3 π and we note from (5.4) and (5.8) that
When (5.1) holds, both e r and e 2s are positive. The phase transition at λ ±1 c occurs because the gap in e r (but not in e 2s ) vanishes [6, 7] .
To complete the presentation of the energy spectrum of (2.1) it remains to consider replacing an arbitrary number of minus signs in (2.25) by plus signs. This is equivalent to adding 2w l to the energy where w l is given by (2.23) and t l are the roots of the polynomial (2.24) in the ground state m p = 0. In ref. [7] it is shown that in the ground state as M → ∞ the roots are such that t 3 l is less than minus one. Thus we set 
where we note that e c is positive for λ = 1. Then, denoting the number of changed minus signs as m c , we obtain the complete explicit formula for the energy and momentum of all excitations as We are now in a position to discuss the physics of the excitation spectrum of the superintegrable chiral Potts model. In particular, we return to the discussion of the introduction and compare the excitation spectrum (5.13) with the quasi-particle spectrum (1.5).
Consider first the special case m c = 0. Then (5.13) has precisely the form (1.5) where the excitation energies e r (P ) and e 2s (P ) are obtained by eliminating v r and v 2s between (5.5) and (5.8). Thus, using the definition of "quasi-particle" given in the introduction, we may say that e r (P ) and e 2s (P ) are the energies of single quasi-particle excitations . However, there are two striking differences between these quasi-particles and all the previously discussed quasi-particle excitations; namely, the momentum of the 2s excitations is only allowed from (5.10b) to be in the range 2π/3 ≤ P 2s ≤ 2π and from (5.14) there is an exclusion rule between real excitations of momentum 0 ≤ P r ≤ 4π/3 and 2s excitations. It thus seems completely fair to say that even though real and 2 string excitations have the quasi-particle form (1.5) for energies and momentum, the rules of combination are qualitatively different from those derived from the intuition that is typically implied by the word "quasi-particles."
But even more striking than these new combination rules for energy levels is the form that the energy levels take when m c = 0. In this case, we have a contribution e c (v c ) to the energy which depends on one parameter but makes no contribution whatsoever to the momentum. This violates the quasi-particle form (1.5) and is what we mean by non quasi-particle excitations.
Non Quasi-Particle excitations and BCS Theory
The superintegrable chiral Potts model is the first system in which non quasiparticle excitations, as defined in section 5, have been observed in either exact or approximate computations. Nevertheless these excitations have a striking resemblance to the Cooper pair excitations of the BCS theory of superconductivity [16] .
In section 3 of their famous 1957 paper [16] Bardeen, Cooper, and Schrieffer classify the states of a superconducting system into three types: single particle, ground pairs, and excited pairs. The implication of this classification scheme is that single particle states and Cooper pairs are logically distinct.
Single particle states are specified by a momentum k. Excited Cooper pairs are specified by a vector k ′ . However the momentum of the Cooper pair is zero. It is a most important result of computation that in equation (2.52) of ref. [16] "the energy to form an excited pair in state k ′ " is 2E k ′ where E k ′ is the energy of a single particle excitation given by equation (2.50) of ref [16] . The result of this computation is mandatory for the interpretation of a Cooper pair as two quasi-particles with opposite momenta. This is the interpretation which allows the BCS spectrum to be interpreted in the quasi-particle form (1.5).
But the clear reading of ref. [16] is that this identification of the energy of the excited Cooper pair with 2E k ′ is a result of computation, and does not follow from model independent general principles. The similar situation would arise in the superintegrable chiral Potts model if 2e r (P ) = e c (P ).
(6.1)
We have seen in section 5 that this relation does not hold for the 3 state superintegrable chiral Potts model. However, if we consider instead the two state case where the chiral Potts model reduces to the Ising model the relation (6.1) does indeed hold and, as is well known [3, 34, 35] , the Ising model spectrum does indeed have the quasi-particle form (1.5). Indeed, it is significant that in ref. [35] Schulz, Mattis and Lieb note the strong similarity of the Ising model with the classic works on superconductivity [16, [36] [37] [38] . The results of this paper, of course, stand by themselves without reference to BCS theory. Nevertheless the above discussion of the presentation of reference [16] suggests that the excitations e c can be thought of as the generalization of Cooper pairs to a situation where the equality (6.1) fails.
Conclusion
In this paper we have discussed three novel properties of the excitation spectrum of the superintegrable chiral Potts model: 1) single particle energies (5.5b) which do not exist for all ranges of momentum (5.10b), 2) a fermion like exclusion rule (5.14) which operates between different single quasi-particle levels and 3) non quasi-particle excitations (5.11) which carry energy but make no contribution to the momentum (5.13) and cannot be rewritten as the sum of single particle levels. Related phenomena certainly exist in the general chiral Potts model (2.1) for φ = 0. In addition the phenomenon of non quasi-particle excitations continues to exist in the massless phase of the chiral Potts model. Indeed, the phase transition at the point λ = 1 [7] occurs because the gap in the non quasi-particle energy e c vanishes. Thus the chiral Potts model can be thought of a providing a new universality class with novel physical effects which have been seen first in theoretical studies before having been experimentally observed.
On the other hand there may be reasons which forbid these effects from ever appearing in real three dimensional systems. If this is the case we hope that the present work will inspire an elucidation of such a non-existence theorem.
so that the sum (3.22) to be performed for this sector is written as
where δ(a) ≡ δ a,0 . We use the relation
to rewrite (A.2) as
Then the following two identities,
may be multiplied together, and using the Kroenecker δ we get
where the appropriate power of x is picked out by the residue theorem, with a contour which surrounds x = 0 and no other singularities. Using
(A.6) reduces to 8) and the geometric sum is executed to give
The second term in the square brackets does not have a single pole at x = 0, and hence does not contribute to the sum. The first term then gives the desired answer
Here we set M = 3l + 1. For m P ≡ 0 = 3p, P a = 2, P b = 0, the number of states is 
There are no states for m P ≡ 1 and for m P ≡ 2, P a = 0, P b = 1, the number of states is
so that the total number of states is given by Therefore,
while for m P ≡ 1 = 3p + 1, P a = 0, P b = 2,
The total number of states is, therefore
The sum is executed along the same lines as the steps (A.2) to (A.10) performed to evaluate S 0 0 (l). The answer is
Here, N (m + , m − , m 2s ) is given by (3.18) . We set M = 3l and m P = 3p,3p + 1, 3p + 2 for m P ≡ 0, 1 and 2 respectively. To evaluate the sum (3.22) for this case there are three different terms to be combined.
We reorganise the binomial coefficients as in (A.3), to get
use the generating functions (A.5) to perform the sum over m + and m 2s by picking out the appropriate residue, collapse the Kroenecker δ and then use (A.7) to get
Here also, N (m + , m − , m 2s ) is given by (3.18) . We set M = 3l + 1 and m P = 3p,3p − 2, 3p − 1 for m P ≡ 0, 1 and 2 respectively. Thus we set up (3.22) as
Going through the same steps as in the case Q = 1, M ≡ 0, we get .22) Here, N (m + , m − , m 2s ) is given by (3.17) . For this sector the sum to be evaluated is identical to the one in Q = 0, M ≡ 2. Therefore, for M = 3l + 2,
The sums are done in a fashion completely analogous to those in Q = 1. Table 1 . The allowed values of A + λB, P a , P b , m E , m P , 3m E + 2m P + P a + P b , for the superintegrable 3-state chiral Potts model.
M ≡ 0 (mod 3)
Q A + λB P a P b m E m P 3m E + 2m P + P a + P b M − P a − P Table 2 . The number of allowed sets of v k (denoted by N (sets) ) which solve (2.22) and the corresponding number of eigenvalues, N (sets) × 2 mE , for each of the allowed sets of P a and P b given in table 1. Table 3 . Comparison for a six-site chain of the number of states of the S = 1, XXZ model with the number of allowed solutions of the superintegrable chiral Potts equation. The correspondence of momenta is that for m P ≡ 0(mod3), P S=1 = P CP and for m P ≡ 1, 2(mod3), P S=1 = P CP − 2π/3. Table 4 . The eigenvalues of the S = 1, γ = π/3 XXZ periodic spin chain of six sites. The eigenvalues for negative values of S z are obtained using the symmetry of S z → −S z . The underlined eigenvalues are obtained by using the solutions of (2.29) allowed for the superintegrable chiral Potts model in the energy formula (4.4).
